We apply the theory of the radius of convergence of a p-adic connection [2] to the special case of the direct image of the constant connection via a finite morphism of compact p-adic curves, smooth in the sense of rigid geometry. In the case of anétale covering of curves with good reduction, we get a lower bound for that radius, corollary 3.3, and obtain, via corollary 3.5, a new geometric proof of a variant of the p-adic Rolle theorem of Robert and Berkovich, theorem 0.2. We take this opportunity to clarify the relation between the notion of radius of convergence used in [2] and the more intrinsic one used by Kedlaya [15, Def. 9.4.7].
A geometric p-adic Rolle theorem
Let (k, | |) be a complete algebraically closed extension of (Q p , | | p ), with |p| p = p −1 , and let k
• be the ring of integers of k. We consider k-analytic spaces in the sense of Berkovich. We want to illustrate our theory of the radius of convergence of a p-adic connection [2] , by deducing from it a conceptual proof of a global form of the p-adic Rolle theorem of Robert [18, §2.4] , [19, Prop. A.20] in the stronger form due to Berkovich (corollary 0.3 below). Our result indicates a new approach to the problem and, in favorable global situations, offers a finer geometric understanding.
Let ϕ : Y → X be a morphism of smooth k-analytic curves. If ϕ isétale at a kvalued point y ∈ Y (k), then, as in the familiar complex case, ϕ induces an open embedding na n T n−1 is invertible on D, i.e. , for every 0 < ρ < 1, one has |a 1 | > |na n |ρ n−1 , for all n ≥ 2;
2. ϕ induces an open immersion D(0, r − ) ֒→ A if and only if, for every 0 < ρ < r, one has |a 1 | > |a n |ρ n−1 for all n ≥ 2.
The claim is equivalent to the following simple fact for ϕ as above: if |a 1 | > |na n |ρ n−1 for all n ≥ 2, then |a 1 | > |a n |(ρ|p| 1 p−1 ) n−1 for all n ≥ 2. In its turn, this fact it is equivalent to following inequality: |n| ≥ |p| n−1 p−1 , for all n ≥ 2. If n is not divisible by p, the latter inequality is trivial. Suppose that n = p k m with m prime to p and k ≥ 1. Then the latter inequality is equivalent to the inequality p k m − 1 ≥ k(p − 1). One has
and the claim follows.
We hope however that our proof of (0.2) in section 3 below, based on the theory of the radius of convergence of p-adic connections, will be instructive. . An open disk which is a relatively compact analytic domain in a k-analytic curve X, is strict (resp. non strict) if and only if its boundary point in X is of type 2 (resp. 3). This topic will be clarified in [7] . In particular, the point ζ ∈ Y at the boundary of D in the statements 0.2 and 0.4, is a point of type 2. We also use the notation D(0, r + ) = {x ∈ A||T (x)| ≤ r} , for the standard closed disk in A, and α 0,r for its maximal point. Remark 0.7. Let ϕ :
, for any ρ < 1. Then ϕ is surjective. This follows from the elementary theory of Newton polygons. In fact, in the standard coordinate T , ϕ is represented by a power series ϕ(T ) = ∞ i=r a i T i , with a i ∈ k • , such that a r = 0 for some r ≥ 1, and inf i ord p a i = 0. So, for any a ∈ D(0, 1 − ), ord p a > 0, the Newton polygon of ϕ(T ) − a has a side with negative slope −σ, where
for some j ≥ 0. See Fig. 1 .
restricts to a surjectiveétale map D(0, 1 − ) → P to which the classical theorem does not apply, but Faber's does. This is example 5.3 in [12] . Notice that 0 ∈ Z(ϕ) \ Crit(ϕ), so that our statement does not apply. Remark 0.9. As we observed before, in the situation of (0.4), if ϕ(D) is compact, then ϕ(D) = X ∼ = P, and therefore, if ϕ is unramified, it is an isomorphism, so that R ϕ = ∅.
Remark 0.10. We observed in the proof of (0.2) that if ϕ(D) is not compact, then it is contained in a strict open disk in X. From remark 0.7 it then follows that ϕ(D) = E is a strict open disk in X.
Although not really needed for the conclusion of our proof (a reference to either one of [2] or [15] , independently, would suffice), we recall in the last section the main properties of the radius of convergence of a connection on a compact rig-smooth p-adic analytic curve X with poles at a finite subset Z ⊂ X(k) [2] . In that paper, we consider a (sufficiently fine) strictly semistable k • -formal model X of X and an extension Z of Z to a divisor of the smooth part of X,étale over k
• . We then introduce a global notion of (X, Z)-normalized radius of convergence R X,Z (x, (M, ∇)) of (M, ∇) ∈ MIC((X \ Z)/k) at x ∈ X \ Z. (In case Z = ∅, we simply write R X instead of R X,∅ ). We take this opportunity to completely clarify the relation between R X,Z (x, (M, ∇)) and the local notion of intrinsic generic radius of convergence IR(M (x) , ∇) of (M, ∇) at x, for a point x ∈ X of Berkovich type 2 or 3, used by Kedlaya [15, Def. 9.4.7] . The coincidence of the two notions when x is a point of the skeleton Γ X,Z \ Z, will be useful in general. It is here only used implicitly (in an obvious case) in the conclusion of our proof.
I am indebted to V. Berkovich and to X. Faber for their explanations on the p-adic Rolle theorem and to M. Temkin for pointing out a mistake in a previous version of this paper. Discussions with Y. André, P. Berthelot, M. Cailotto, L. Illusie, Q. Liu, M. Raynaud have been most useful: I thank them heartly for that. It is a pleasure to aknowledge the well-founded criticism and invaluable suggestions provided by the referee.
1 A change in viewpoint 1.1. Let ϕ : Y → X be a finite morphism of compact connected rig-smooth strictly kanalytic curves. We use by default (strictly) k-analytic spaces in the sense of Berkovich [4] endowed with their natural topology. By (a minor variation of) [8, Cor. 3.4] , they are good strictly k-analytic spaces. Now, a finite morphism of good analytic spaces is good and closed, so that proposition 3.2.9 of [4] applies, and ϕ is finite flat and, in particular, open. It follows that, for any strict affinoid U ⊂ X, ϕ −1 U is affinoid and ϕ * O ϕ −1 U is locally free for the Zariski topology of U . Then, ϕ being good, it follows that ϕ * O Y is locally free for the natural topology of X. Since X is connected, the degree of ϕ is a constant d on X. Moreover, ϕ is genericallyétale (i.e.étale but at a discrete set of k-rational points) because we are in characteristic zero. We recall that an irreducible compact k-analytic curve is either the analytification of a projective curve or it is affinoid [13] , [8, Prop. 3 .2].
1.2. Let B = B(ϕ) ⊂ X(k) and Z = Z(ϕ) be as before. Let J B (resp. J Z ) denote the ideal sheaf of B (resp. Z). For a coherent O X -module (resp. O Y -module) F , we denote by F ( * B) (resp. F ( * Z)) the union
, is then a connection on the locally free O X -module F := ϕ * O Y of rank d, with poles at B. We denote by MIC(X( * B)/k) the tannakian category of such objects, so that
Similarly,
1.3.
A more precise version of the formula 1.2.1 is obtained if we view the pairs (Y, Z), (X, B) as smooth log-schemes over the log-field (k, k × ) [14] . The analytic map ϕ induces in fact a finite log-étale morphism ϕ : (Y, Z) → (X, B), locally free of degree d, so that
. Therefore formula 1.2.2 admits the refinement
, which shows that the natural X/k-connection with poles along B on the locally free O Xmodule of rank d, F = ϕ * O Y , admits logarithmic singularities along B. Similarly for formula 1.2.3, where
is also a sheaf of commutative O X -algebras and that the multiplication map
is horizontal. We define two sheaves on X. The first
is a sheaf of finite sets of cardinality ≤ d. It is the sheaf of local sections of Y /X or of ϕ. In fact, for any affinoid U ⊂ X, V := ϕ −1 (U ) ⊂ Y is an affinoid domain as well, and
The second is the sheaf of k-vector spaces of dimension ≤ d
called the sheaf of local solutions of (F , ∇ F ). Notice that for any x 0 ∈ X(k) \ B, there exists an open neighborhood U of x 0 , such that Sect(Y /X) |U is the constant sheaf {1, . . . , d} and that Sol(F , ∇ F ) |U is a k-local system of rank d.
The crucial remark is Lemma 1.5. We have an inclusion of sheaves of sets
is freely generated by its subsheaf Sect(Y /X).
Proof. We observe that the construction
from finite coverings to finite locally free O X -algebras with a connection and horizontal multiplication map, is functorial [1,
This proves the first part of the lemma.
As for the second part of the statement, since two sections of ϕ * O Y on a connected affinoid domain U coincide as soon as they coincide in the neighborhood of a k-rational point of U , it will suffice to treat the case of x ∈ X(k). So, for any point x 0 ∈ X(k) \ B, we consider the completion O of the local ring O X,x0 and its formal spectrum X = Spf O; it is a formal power series ring of the form k[[t]], where t is a local parameter at x 0 , which we may assume to extend to a section of O X . We informally denote by W → W the base-change functor by X → X on objects W defined over X. It will be enough to prove the statement for the map ϕ : Y → X, at any x 0 ∈ X(k) \ B.
Notice that
is the set of formal sections of ϕ at
where the e i 's are orthogonal idempotents. An algebra homomorphism σ :
is forced to map one of the e i 's to 1, and the others to 0 : let us denote it by e * i . As we saw before, the e * i , for i = 1, . . . , d are horizontal. Since they freely span the
This proves the statement.
1.6. We also consider the fiber product Y × X Y and its two projections pr 1 
We have, as before:
We have an inclusion of sheaves of sets
The sheaf of k-vector spaces Sol(E, ∇ E ) |Y \Z is freely generated by its subsheaf ϕ −1 Sect(Y /X) |Y \Z .
Remark 1.8. The k-vector space of k-analytic solutions of (E, ∇ E ) at any point z 0 ∈ Y (k)\Z is spanned by the germs of analytic solutions w(z) at z = z 0 of the algebraic equation ϕ(w) = ϕ(z). Notice that if ϕ : P → P is a rational function, the algebraic equation for w as a function of z, ϕ(z + w) = ϕ(z) coincides with the equation w · A ϕ (z, w) = 0 studied by Faber in section 2 of [12] .
where 
This statement follows if we can prove that the common radius of convergence of (E, ∇ E ) at y 0 , expressed in terms of a normalized coordinate on D, is ≥ p
We will prove that this is the case if Y and X have good reduction. Obviously, in this discussion Y may be replaced by any strictly affinoid domain with good reduction C ⊂ Y , and X by the image ϕ(C) ⊂ X, provided D ⊂ C and ϕ induces a finite morphism C → ϕ(C). Moreover, from the discussion of remarks 0.9 and 0.10 it follows that we may assume that E := ϕ(D) is a strict open disk in X. We will denote by ζ (resp. ξ) the boundary point of D in Y (resp. of E in X).
Basic results on p-adic differential systems
In this section Y is any rig-smooth strictly k-analytic curve.
The classical theory of p-adic linear differential equations is developed on an open disk or an open annulus, embedded as open analytic domains in P.
Moreover, it is usually understood that their boundary points in P be points of Berkovich type 2. This precision becomes relevant when one insists that the coefficients of the equation represent germs of analytic functions at those boundary points. One classically defines, for r ∈ (0, 1) ∩ |k|, the k-Banach algebra H (r, 1) of analytic elements 
It is the completion of the k-algebra of rational functions of T , with no poles within C(0; r, 1), equipped with the sup-norm || || on C(0; r, 1). While H (r, 1) ⊂ B(r, 1), the Banach k-algebra of bounded analytic functions on C(r, 1), the two do not coincide, and the properties of a first order system of linear differential equations
where G is a n × n matrix with coefficients in H (r, 1) are more special than in the case of coefficients in B(r, 1). 
Let

2.3.
As a matter of notation, we recall that, for any k
• -formal scheme X, locally of finite presentation, with generic fiber the k-analytic space X = X η , there is a canonical specialization map
which may be viewed as a morphism of G-ringed spaces 
Proof. The statement easily follows from loc.cit. . Proof. We may assume that Y is already of the form of the U in formula 2.4.1. We then pick an affinoid neighborhood V of ζ in Y , such that M |V is free. Notice that we may choose V so that Y We then extend M |V to Y an η as follows. In every residue class E i , for i = 1, . . . , n, ]c j [ Y , for j = 1, . . . , N , or R h , for h ∈ H, we extend M |V by direct image, so that we obtain a free module on We assume that the entries of G in (2.1.2) are in H D,Y (r, 1). Notice that
so that if the entries of G are quotients of elements of H Y (D), then the previous assumption is satisfied for r < 1, sufficiently close to 1. We let t = T (ζ) ∈ H (ζ). Notice that g → |g(ζ)| is a bounded multiplicative norm on H D,Y (r, 1). The following (almost) classical definition will later be updated.
Definition 2.9. The generic radius of convergence R D⊂Y (Σ) of the system Σ of (2.1.2) on D ⊂ Y , is defined by extending the field of constants from k to the valued field H (ζ), so that the point ζ determines a canonical [ 
where the absolute value of a matrix is the maximum of the absolute values of its entries.
The generic radius of convergence of (2.1.2) is bounded below as follows [9, p. 94 ].
Proposition 2.11. (Trivial Estimate)
R D⊂Y (Σ) ≥ sup(1, |G(ζ)|) −1 p − 1 p−1 .
2.12.
We now assume that the entries of the matrix G in (2. 
Proof. The point ζ induces on the field k(T ), of rational functions with coefficients in k in the overconvergent coordinate T , the classical Gauss norm | | Gauss [9] . Since the entries of G have a finite number of poles in D, we can follow the procedure of Proposition 5.1 of [9, Chap. V], to determine a | | Gauss -unimodular matrix P ∈ GL(n, k(T )), such that Y → P Y transforms Σ into a system
with no singularities in D(0, 1 − ). Notice that the entries of
, ∀i, and formula 2.10.2 shows that R D⊂Y (Σ [P ] ) = R D⊂Y (Σ). We may then assume from the beginning that Σ has no singularities in
3 Curves with good reduction 3.1. We assume here that ϕ : Y → X is anétale covering of k-analytic curves which is the generic fiber of a finite morphism Φ : Y → X of smooth connected k
• -formal schemes of relative dimension 1. We observe that if Y = P, then ϕ is an isomorphism: we exclude this trivial case. Let F := Φ * O Y , a coherent and locally free O X -module such that F η = F , the O X -module underlying the connection (1.2.2). Proposition 3.2. There exists π Φ ∈ k
• , non-zero, such that
The second statement follows from the first by the projection formula. Let ξ Y (resp. ξ X ) be the generic point of Y (resp. X), and let ξ Y (resp. ξ X ) be the maximal point of Y (resp. X). The local ring O Y,ξ Y (resp. O X,ξ X ) of ξ Y (resp. ξ X ) is a valuation ring of rank 1: its valuation extends the one of k
• , and has the same value group. We have
] is a power series converging and bounded in E, with ||h|| E = |h(ξ Y )| = 1. Since ϕ is unramifed on E, the derivative dh/dT does not vanish on E, hence it has a constant absolute value, necessarily equal to |π Φ |. Corollary 3.3. For any b ∈ X(k), the connection (F , ∇ F ) admits a full set of solutions converging in D X (b, p
Proof. It is an immediate consequence of the trivial estimate (2.11) and of the transfer theorem (2.13). 
Proof. We consider a section σ :
, as in the proof of proposition 3.2 be a residue class of Y (resp. X) containing D a (resp. D b ), and let us use the notation of loc.cit. ; in particular, we have |dh/dT (y)| = |π Φ |, for any y ∈ Y . The p-adic Newton lemma [9, I.4.2] implies that, for any ε ∈ (0, 1), and any
On the other hand, since |dh/dT (y)| has the constant value |π Φ | on E, there exists ε ∈ (0, 1),
In other words, there exists ε ∈ (0, 1), such that, if |T (a 1 ) − T (a 2 )| < ε, then (3.5.1)
being an isomorphism, this estimate must hold for any a 1 , a 2 ∈ D a (k), and for their images b 1 = ϕ(a 1 ) and b 2 = ϕ(a 2 ) ∈ D b (k) [3, 6.4.4] . In particular,
This proves the proposition.
We have thus concluded the proof of Theorem 0.2.
Graphs and radius of convergence
In this section Y is any compact rig-smooth strictly k-analytic curve, Y is a strictly semistable 
4.2.
We can also extend the definition of R (Y,Z) (x, (M, ∇)) to the case when x ∈ Y \ Z is not necessarily k-rational. In full generality, let K/k be a completely valued field extension, 
So, let x ∈ Y \ Z, not necessarily k-rational. As in [2] , we change the field of constants by H (x)/k, and pick (canonically) a H (x)-rational point x ′ ∈ Y ⊗ k H (x) above x. We then set
This definition is compatible with any change of the field of constants by any K/k in the sense that, for any K/k and any y ∈ Y K \ Z,
The function x → R (Y,Z) (x, (M, ∇)) is conjectured to be continuous on Y \ Z, for any (M, ∇) ∈ MIC((Y \ Z)/k). This conjecture was proven in [2] under the assumption that (M, ∇) ∈ MIC (Y,Z) (X( * Z)/k), i.e. that M extends to a locally free coherent O Y -module and ∇ has meromorphic singularities at Z.
4.3.
We now explain the difference between our radius of convergence R (Y,Z) (x, (M, ∇)) and the intrinsic radius of convergence IR(M (x) , ∇) of 
1 Both definitions go back to Dwork and Robba; the latter was refined by Christol-Dwork and used by Christol-Mebkhout and André. We will show that two notions coincide at the points x ∈ Γ (Y,Z) \ Z.
4.4.
Let us shortly review, in our own words, the definition of IR(M (x) , ∇), taken from [15, Chap. 9] . Let (F, | | F )/(k, | |) be a complete extension field. Then (F, | | F ) is a k-Banach algebra, and so is L k (F ), for the operator norm. Similarly, on a finite dimensional F -vector space M , all norms compatible with | | F are equivalent and define equivalent structures of k-Banach space on M . It will be understood in the following that any such M is given some norm of F -vector space, compatible with | | F , and then L k (M ) is given the corresponding operator norm. The definitions will be independent of the choices made.
Under the previous assumptions L k (F ) (resp. L k (M )) will be regarded as an 
Let L k (F a,ρ ) be the k-Banach algebra of bounded k-linear endomorphisms of the k-Banach algebra F a,ρ , equipped with the operator norm. We still denote the operator norm by | | a,ρ . Then So, the pair (resp. the triple ) (F a,ρ , | | a,ρ ) (resp. (F a,ρ , | | a,ρ , d dT )) is a (resp. based) complete differential field of dimension 1 over (k, | |).
Remark 4.7. Let (F, | | F ) be a complete differential field of dimension 1 over (k, | |). Then, for any F -basis ∂ of Der(F/k) and for any n ≥ 0, the F -vector subspace Dif f n (F/k) ⊂ L k (F ) of bounded k-linear differential operators of F of order ≤ n, is freely generated by id F , ∂, . . . , ∂ n . for any n and any a 0 , . . . , a n ∈ F . It is clear that ∇ is a bounded F -algebra homomorphism 
